ABSTRACT. We prove an identity which lifts a Kloosterman sum for GL(n) to an exponential sum over a quadratic extension eld. The identity matches two Shalika germs of a relative trace formula for GL(n) which might be used to characterize the image of quadratic base change for GL(n).
Introduction.
Identities between exponential sums including Kloosterman sums were studied by many researchers (see e.g. Zagier 15 ], Jacquet and Ye 6], Duke and Iwaniec 3], Ye 13] and 14], and Mao and Rallis 10]). All of these known identities, however, are of lower dimensional cases. That is, the exponential sums involved are all de ned on lower rank groups. Katz in 9] studied a generalized Kloosterman sum of n variables which as pointed out by Ye in 14] is similar to the lifting of a local Kloosterman sum for GL (2) to the direct sum of n copies of the local eld. In order to study exponential sums and their identities in general one needs to know higher dimensional cases. In this article, we will prove the following identity of exponential sums for GL(n). Theorem 1. Let be a square-free integer which is not equal to 0 or 1. Let c be a positive odd integer and b a non-zero integer such that (b; c) = ( ; c) = 1. Assume that every prime factor of c is larger than n. Then We note that the exponential sum on the left side of (1) is a Kloosterman sum for GL(n). For n = 3 this exponential sum is the one studied by Bump, Friedberg, and Goldfeld in 2] . In this special case the identity in (1) was proved by Ye in 13] .
As in the case of GL(3) the identity in (1) has applications in quadratic base change for GL(n) (Arthur and Clozel 1] ). We will see that Theorem 1 is essentially equivalent to an identity of certain Shalika germs for GL(n) which will be used in a proof of a relative trace formula for GL(n). This relative trace formula might be used to characterize images of quadratic base change for GL(n) by analytic behavior of certain L-functions. Our results seem to suggest a connection between identities of exponential sums and functorial relationships of representations of di erent groups.
The proof of Theorem 1 is based on a local identity of exponential sums over p-adic elds. Let F be a p-adic eld of characteristic zero and E an unrami ed quadratic extension eld of F. Assume that j2j F = = jnj F = 1. Let be a nontrivial character of F whose order is zero. Let N be the unipotent subgroup of GL(n) consisting of all upper triangular matrices with unit diagonal entries and set w = 0 B @ 1 . . . C A 2 GL(n; F): (2) Denote by N w (F ) the subgroup of N(E) de ned by t nwn = w. The local identity we will prove is in the following theorem. 
2. Local orbital integrals.
To look at the applications of the above identities to the relative trace formula for GL(n) we consider the following matrices w = w 1 . . . 
i.e.,
and a i is in the center of GL(n i ; F) with n 1 + + n r = n. For w and a as described above we will call their product wa a relevant matrix. Denote by U w the subgroup of N consisting of matrices 0 @ In 1 . . .
In r 1 A
where I n i is the identity matrix in GL(n i ; F). Let be a character on N(F) de ned by (n) = (n 12 + + n n?1;n ). Let f be a smooth function of compact support on GL(n; F) and a smooth function of compact support on the variety S(F) of invertible Hermitian matrices s with t s = s. For Using these local orbital integrals the global relative trace formula can be reduced to I(wa; f) = J(wa; ) (6) and similar equatities over other local eld settings, for any relevant matrices wa, where is some transfer factor. Here the equality in (6) means that for a given function f we can nd a function , and vice versa, such that the equation in (6) is valid.
Among equalities in (6) for various choices of the functions f and the one with f being the characteristic function f 0 of K(F) and being the characteristic function 0 of S(F)\K(E) is most important. Indeed, the equality I(wa; f 0 ) = J(wa; 0 ) is called the fundamental lemma for unit elements of Hecke algebras and is usually the rst step in proving a relative trace formula. In this paper we will restrict ourselves to this fundamental lemma.
The equality I(wa; f 0 ) = J(wa; 0 ) is in fact a relationship between exponential sums tr E=F m 12 + + m n?1;n dm; (7) note some of the u i;i+1 above may be zero. The expression on the left side is a Kloosterman sum for GL(n) written in an integral form as in Goldfeld 4] and Stevens 11] . Theorem 2 is indeed a case of (7) with w and a being the matrices in (2) . The fundamental lemma of the relative trace formula would follow if (7) is proved for any relevant wa. The local orbital integrals can be expanded into nite sums using Shalika germs; see Jacquet and Ye 7] and 8] for detail on Shalika germs for GL(n). Here we only point out that using the Shalika germ expansions the problem to match local orbital integrals for arbitrary functions can be reduced to the matching of Shalika germs K w G w of I(wa; f) and L w G w of J(wa; ): (5) and w is the rst matrix in (4) .
In this paper we will prove one case of (8) . Let w the rst matrix in ( Corollary. Assume that j2j F = = jnj F = 1. Let w be the rst matrix in (2). Then we can choose Shalika germ systems such that n=2]
for any b 2 A w G w .
The integral I(wa; f 0 ).
From now on we will set w and a as in (2) . Then the Shalika germ expansions imply that I(wa; f 0 ) = X b2A w G w ; z2Z(F); bz=a
for a 2 A w , where ! f 0 w is a smooth function of compact support on A w . Using the expression of the orbital integral on the left side of (7) 
From this expression of I(wa; f 0 ) we see that it is non-zero only if a n?1 1 a 2 2 R F and a 1 2 R F . When a 1 2 R F , the matrix condition implies that all u i and m ij are taken over R F ; hence I(wa; f 0 ) = 1 when a 1 Obviously t mw G zm 2 K(E) implies that z 2 R F . We need a lemma whose elementary proof is left to the reader.
Lemma 3. For m 2 N(E) we have t mw G m 2 K(E) if and only if m 2 N w G (F ) N(E) \ K(E) .
By Lemma 3 and using the fact that the order of the character tr E=F is zero when E is unrami ed over 
K(E):
This condition implies that a 1 2 R F and a n? . . . 5. The matching.
Let E=F be the non-trivial multiplicative character of F attached to the quadratic extension eld E. Since E is unrami ed, we have E=F (a) = (?1) A for any a 2 $ A F R F . We will apply multiplicative Fourier transforms to the two orbital integrals I(wa; f 0 ) and J(wa; 0 ) when a 1 Here the last conditions attached to the sums on the right side imply that v 0 2 R F and v j 2 R E for 1 j n=2 accordingly.
To prove Theorem 1 we also need a similar local identity when E is not a quadratic extension of F but E = F F: 
and the exponential sum on the left side of (1) 
